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Abstract 

We answer in the negative a question by Griinbaum who asked if there exists a 
finite basis of affine invariant points. We give a positive answer to another question 
by Griinbaum about the "size" of the set of all affine invariant points. Related, we 
show that the set of all convex bodies K, for which the set of affine invariant points 
is all of R", is dense in the set of convex bodies. Crucial to establish these results, 
are new affine invariant points, not previously considered in the literature. 



1 Introduction. 

A number of highly influential works (see, e.g., |51[ini[I2], dl-IIl], Hi-EI], [3711111111 

[SlllS^) has directed much of the research in the theory of convex bodies to the study of 
the afflne geometry of these bodies. Even questions that had been considered Euclidean 
in nature, turned out to be afflne problems - among them the famous Busemann-Petty 
Problem (finally laid to rest in il [51 [57] ) . 

The afflne structure of convex bodies is closely related to the symmetry structure 
of the bodies. From an afflne point of view, ellipsoids are the most symmetric convex 
bodies, and simplices are considered to be among the least symmetric ones. This is 
reflected in many afflne invariant inequalities (we give examples below) where ellipsoids 
and simplices are the extremal cases. However, simplices have many afflne symmetries. 
Therefore, a more systematic study for symmetry of convex bodies is needed. Griinbaum, 
in his seminal paper [13| . initiated such a study. A crucial notion in his work, the affine 
invariant pointy allows to analyze the symmetry situation. In a nutshell: the more affine 
invariant points, the fewer symmetries. 

In this paper, we address several issues that were left open in Griinbaum's paper. 
For instance, it was not even known whether there are "enough" afflne invariant points. 
We settle this in Theorem [3] below. 

Let K-n be the set of all convex bodies in (i.e., compact convex subsets of M" with 
nonempty interior). Then (see Section 2 for the precise deflnition) a map p : /C„ — )■ R" 
is called an afflne invariant point, if p is continuous and if for every nonsingular affine 
map T : R" ^ R" one has, 

piTiK)) = T{p{K)). 
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An important example of an aiJine invariant point is the centroid g. More examples will 
be given throughout the paper. Let *p„ be the set of affine invariant points on /C„, 

*Pn = {p '■ ICn K"| p is affine invariant}. 

Observe that *P„ is an affine subspace of C(/C„, M"), the continuous functions on /C„ with 
values in R". We denote by V^n the subspace parallel to *P„. Thus, with the centroid 
9, 

Griinbaum |f 3| posed the problem if there is a finite basis of affine invariant points, i.e. 
afRne invariant points Pi G *P„, 1 < i < ^ such that every p G Cp„ can be written as 

; ; 
p = diPi , with ai G M and a; = 1 . 

i=l 1=1 

We answer this question in the negative and prove: 
Theorem 1. V^n 'is infinite dimensional for all n > 2. 

In fact, we will see that, with a suitable norm, T^*P„ is a Banach space. Hence, by Baire's 
theorem, a basis of *P„ is not even countable. 

For a fixed body K G /C„, we let 

^„{K) = {p{K):pe%,}. 
Then Griinbaum conjectured [T^ that for every K G /C„, 

%,{K)^dn{K), (1) 

where dn{K) = {x G M" : Tx = x, for all affine T with TK A'}. We give a positive 
answer to this conjecture, when *p„(i^) is {n — l)-dimensional. Note also that if K has 
enough symmetries, in the sense that Sn{K) is reduced to one point xk-, then ^„(K) = 
{xk}- 

Theorem 2. Let K G /Cn &e sttc/i that^n{K) is (n-l)-dimensional. Then 

Symmetry or enough symmetries, are key in many problems. The affine invariant in- 
equalities connected with the affine geometry often have ellipsoids, respectively simplices 
as extremal cases. Examples are the Lp affine isoperimetric inequalities of the Lp Brunn 
Minkowski theory, a theory initiated by Lutwak in the groundbreaking paper j25j . For 
related results we refer to e.g. [3l[32l[33], [45|-[49], [53], [54|. The corresponding Lp affine 
isoperimetric inequalities, established by Lutwak j25j for p > 1 and in |53| for all other p 
- the case p =1 being the classical affine isoperimetric inequality [T] - are stronger than 
the celebrated Blaschke Santalo inequality (see e.g., [71133]; and e.g., [HISS] for recent 
results) : the volume product of polar reciprocal convex bodies is maximized precisely by 
ellipsoids. 

It is an open problem which convex bodies are minimizers for the Blaschke Santalo 
inequality. Mahler conjectured that the minimum is attained for the simplex. A ma- 
jor breakthrough towards Mahler's conjecture is the inequality of Bourgain-Milman [3], 
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which has been reproved with completely different methods by Kuperberg |19| and by 
Nazarov [3S]. See also 15^ HOI for related results. Even more surprising is that 
it is not known whether the minimizer is a polytope. The strongest indication to date 
that it is indeed the case is given in [5T]. 

Another example is the Petty projection inequality [38j . a far stronger inequality 
than the classical isoperimetric inequality, and its Lp analogue, the Lp Petty projection 
inequality, established by Lutwak, Yang, and Zhang [57] (see also Campi and Gronchi 
[5]). These inequalities were recently strengthened and extended by Haberl and Schuster 
[15] . It is precisely the ellipsoids that are maximizers in all these inequalities. On the 
other hand, the reverse of the Petty projection inequality, the Zhang projection inequality 
[55] . has the simplices as maximizers. 

Griinbaum [13] also asked , whether <P„(i^) = M", iidn{K) = M". A first step toward 
solving this problem, is to clarify if there is a convex body K such that ^n{K) = R". 
Here, we answer this question in the affirmative and prove that the set of all K such that 
^n{K) = M", is dense in /C„ and consequently the set of all K such that ^n{K) = 'Sn{K), 
is dense in /C„. 

Theorem 3. The set of all K G /C„ such that *p„(_ftr) = M" is open and dense in 
(/C„, d//). 

Here, du is the Hausdorff metric on /C„, defined as 

dH{Ki,K2) = min{A > : A'l C + XB'^;K2 C K, + XB'^}, (2) 

where is the Euclidean unit ball centered at 0. More generally, B2{a,r), is the 
Euclidean ball centered at a with radius r. We shall use the following well known fact. 
Let Km, K G JCn- Then dniKm, K) — ?> if and only if for some Em one has 

(1 - £,„) {K - g{K)) C Km - g{Km) C (1 + e,„) (A' - g{K)) for every m. (3) 

To establish Theorems [1] - [3] we need to introduce new examples of affine invariant 
points, that have not previously been considered in the literature. 



2 Affine invariant points and sets: definition and 
properties. 

Let K E ICn- Throughout the paper, mt{K) will denote the interior, and dK the 
boundary of K. The n-dimensional volume of K is vol„(i^), or simply \K\. K° = {y g 
: {x,y) < 1 Vx G K} is the polar body of K. More generally, for x in K", the polar of 
K with respect to x is K^ = (K — x)° + x. 

A map p : ICn — > K" is said to be continuous if it is continuous when /C„ is equipped 
with the Hausdorff metric and M" with the Euclidean norm || • |j. 

Griinbaum [13] gives the following definition of affine invariant points. Please note 
that formally we are considering maps, not points. 

Definition 1. A map p : Kn — >■ M" is called an affine invariant point, if p is continuous 
and if for every nonsingular affine map T : M" R" one has 

p{T{K)) = T{p{K)). (4) 
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Let Cp„ the set of affine invariant points in R" , 

*Pn = {p '■ K^n ^ K"| p is affine invariant}, (5) 
and for a fixed body K G /C,i, *P„(A') = {p{K) : p G *Pti}- 

We saj/ an affine invariant point p G *P„ proper, if for all K G /C„ , one has 

p{K) G int(i4:). 

Examples. Well known examples (see e.g. [T3]) of proper affine invariant points of a 
convex body K in R" are 

(i) the centroid 

^(^^ ^ 

(ii) the Santalo point, the unique point s{K) for which the volume product |iir||i^^| 
attains its minimum; 

(iii) the center j{K) of the ellipsoid of maximal volume JT{K) contained in K , or John 
ellipsoid of K; 

(iv) the center 1{K) of the ellipsoid of minimal volume C{K) containing K, or Lowner 
ellipsoid of K . 

Note that if T{K) = K for some affine map T : R" ^ R" and some K & Kn, then 
for every p G ^P„, one has p{K) — p{T{K)) = T{p{K)). It follows that if K is centrally 
symmetric or is a simplex, then p{K) ~ g{K) for every p G hence *P„(A') = {^(if)}. 

The continuity property is an essential part of Definition[TJ as, without it, pathological 
affine invariant points can be constructed. The next example illustrates this. 

Example 1. Let Vn he the set of all convex polytopes in ICn and define for P G Vn, 

p{p)^-Y.v.{p), 

m ^ — ' 

i=l 

where vi{P), . . . Vm{P) cire the vertices of P. For K G /C„ \ Vn, let p{K) = g{Li), the 
centroid of K . Then p : ICn — > R" is affine invariant, but it is not continuous at any 
point. 

Indeed, let K G K-n- We approximate i^T by a polytope P, and, in turn, approximate 
P by a polytope Pi by replacing one vertex u of P by sufficiently many vertices vi, . . . ,vi 
near v. When I — ^ oo, p{Pi) — > v G dP. Pi is near K, but p{K) = g{K)- 

Next, wc introduce the notion of affine invariant set mappings, or, in short, affine 
invariant sets. There, continuity of a map A : ICn ^ ICn is meant when /C„ is equipped 
on both sides with the Hausdorff metric. Our Definition [5] of affine invariant sets differs 
from the one given by Griinbaum [T^ . 

Definition 2. A is called an affine invariant set mapping, if A is 

continuous and if for every nonsingular affine map T o/R" , one has 

A{TK) = T{A{K)). 
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We then call A[K), or simply the map A, an affine invariant set mappings. We denote 
by &n the set of affine invariant set mappings, 

&n = {A : ICn — > A^n|^ is affine invariant and continuous}. (7) 

We say that A S 6„ is proper, if A{K) C int(_ft') for every K € /C„. 

Known examples (see e.g., |13j ) of affine invariant sets are the John eUipsoid and the 
Lowner elhpsoid. Further examples will be given all along this paper. 

Remarks, (i) It is easy to see that if A e R, p, q G *^5„ and A E ©„, then p o A E *p„ 
and (1 — X)p + Xq £ Thus, *P„ is an affine space and for every K € /C„, *P„(A') is 
an affine subspace of R". Moreover, for A,B£ (5„, the maps 

K {Ao B){K), (1 - \)A{K) + \B{K) and conv[A, B]{K) = conv[A(A'), B{K)\ 

are affine invariant set mappings. 

(ii) Properties ^ and ^ imply in particular that for every translation by a fixed 
vector xq and for every convex body K e /C„, 

p{K + xo) = p{K) + xo, for every p G *P„ (8) 

and 

A{K + xq) = A{K) + xo, for every A € 6„ (9) 

(iiii) Unless p = q, ii is not possible to compare two different affine invariant points 
p and q via an inequality of the following type 

\\p{K)-p{L)\\>cMK)-q{L)\l (10) 

where || • || is a norm on R" and c > a constant. Indeed, by (ii), p{K — p{K)) = and 
q{L - q{L)) = 0. Therefore, if ([10]) would hold, then 

= \\p{K-p{K))-p{L-p{L))\\>c\\q{K-p{K))-q{L-p{L))\\ 
= c\\q{K)-p{K)-q{L)+p{L)\\. 

Choose now for L a symmetric convex body. Then ||<z(-ft') — p{K)\\ = 0, ot p{K) — q{K). 

Remark (i) provides examples of non-proper affine invariant points: once there are 
two different affine invariant points, there are affine invariant points p{K) ^ K , i.e. non- 
proper affine invariant points. An explicit example is the convex body C„ constructed 
in [33], for which the centroid and the Santalo point differ. 

The next results describe some properties of affine invariant points and sets. 

Proposition 1. Let p,q e and .suppose that p is proper. For K G /C„ , define 

(j3q(K) = inf {t > : q{K) - p{K) e t (K ~ piK))} . 
Then (j)q : /C„ — > M_|_ is continuous and 

(i) there exist c ~ c{q) > such that 

q{K) — p{K) G c (K — p{K)) for every K G /C„. 

(ii) If moreover q is proper, then one can chose c G (0, 1) in (i). 
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Proof. Since p{K) e int{K), M" = Ut>ot{K - p{K)). Therefore <j)q is well defined. Now 
we show that <pq is continuous. Suppose that Km — > if in (/C„,djy). By definition, we 
have 

q{Kr,i) - p{Km) e (t>q{Km) {Km ~ p{Krn)) for all m. 
By continuity of p and q it follows that 

) - p{K) e hm inf 0, (if™) (iv - |j(A')) , 

m 

and thus 

0o(i^') < liminf (?!)„(ii:,„). 

m 

Since p is proper, there exists d > 0, such that iJJ ^ d{K — p{K)). Since if is bounded, 
there exists D >Q such that d{K - p{K)) C DiJj • Let 77 > and fix e = r]/d > 0. Since 
Km — >■ if, and by continuity of p and q, there exists mo > such that for every m > mo, 

if - p(if ) C if™ - piKrn) + eB'i C Km - p{Km) + r?(if - p{K)) 

and 

q{Km)~p{Km) € g(if) -p(if) +£i?^' C (</),(if) +77)(if -p(ii')). 

Now we observe that, if two convex bodies A and B in M" satisfy A C i? + for some 
< t < 1, then A<^ B/{1 — t). It then follows that for every m > mo, 

K - p{K) C -^{Km - PiKrn)). 
1 — 77 

Hence 

g(if„) - p(if„0 e (Km - p{Km)) , 

1 - 77 

and thus 

<t>q{.K) > limsup(/)g(if„i), 

m 

and the continuity of (f)q is proved. Assertions (i) and (ii) follow from the continuity of 
ipq. Indeed, by affine invariance, we may reduce the problem to the set {if € /C„ : B2 C 
if C ni?2 }, which is compact in /C„. □ 

Lemma 1. Let p,q (z *P„ and suppose that p is proper. Then there exists a proper 
r g *P„ such that q is an affine combination of p and r. 

Proof. By the preceding proposition, there is c > such that q{K)—p{K) e c{K—p{K) 
for all if e /C„. Put r = ^ + p. Then r e *p„ and q = 2cr + {1 - 2c)p is an aflane 
combination of p and r. Since p{K) G int(if ), 

r(if ) e i(if + p(if )) C int(AO, for aU K € /C„. □ 

Analogous results to Proposition [T] for affine invariant sets are also valid. We omit 
their proofs. 

Proposition 2. Let A e ©„, p,q (z *Pri and suppose that p is proper. Then there exists 
a constant ci > such that for every K G /C„, 

A{K) - q{K) C ci (if - p{K)). 

If moreover A is proper and p = q, one can choose ci < 1 . 
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Lemma 2. Let A e (3„ and p G be proper. Then there exists t>0 such that 

K t{A{K) - p{K)) + p{K) = tA{K) + (1 - t)p{K) 
is a proper ajjine invariant set mapping. 

The next proposition gives a reverse inclusion for afRne invariants sets. We need first 
another lemma, where, as in the proposition, g denotes the center of gravity. 

Lemma 3. For every D,d > and n > 1, there exists c > such that, whenever K g /C„ 
satisfies K C DB!^ and \K\ > d, then cB^ C if - g{K). 

Proof. Suppose that K € /C,i satisfies the two assumptions. Define 

CK = sup{c > : cB'^ C A' - g{K)}. 

Then ck > 0, and there exists x £ dK such that \\x — g(K)\\ ~ ck- Since K — g{K) ^ 
n(g{K) — K), the length of the chord of K passing through g{K) and x is not bigger 
than (n + 1)ck- Let u G S'"~^ be the direction of the segment [g{K),x] and let PuK be 
the orthogonal projection of K onto , the subspace orthogonal to u. Then, 

d<\K\< \\{g + Ru)nK\\ \PuK\ < (n + 1)ck i?""'|Br'|- 

The second inequality follows from a result by Spingarn [SO]. Thus we get a strictly 
positive lower bound c for ck which depends only on n, d and D. □ 

Proposition 3. Let A be an affine invariant set mapping. Then there exist c > such 
that 

c{K - g{K)) C A(K) - g{A{K)) , for every K e /C„. 

Proof. We first prove that there exists d > such that |A(A")| > d\K\ for every K £ /C„. 
By affine invariance, it is enough to prove that 

{i4'e/c„:Bjc-ft:cnBj} \K\ 

Since AT — ^ ^^^''^ is continuous and since {AT G ICn ■ B2 Q I\ C nBI^} is compact in /C„, 
this infimum is a minimum and it is strictly positive. By Proposition [21 applied with 
q = g o A, there exists c > such that 

AiK) - g{AiK)) C c{K - g{K)), for every If G /C„. 

Therefore, 

A{K) - g{A{K)) C 2ncB^, for every K G /C. 
By Lemma [3l there is co > such that 

CqB'^ C ^(A') - g{A{K)) , for every K e IC. 

Now, since I\ — g{K) C 2nB2 for every AT G /C„ with B2 C AT C ni?2 , we get the result 
for K G ICn with ^ A' C ti-BJ 7 ^i^d thus for all K G /C„ by affine invariance. □ 



7 



3 Several questions by Griinbaum. 



We now give the proof of Theorems [T]- [31 To do so, we first need to introduce new afhne 
invariant points. 

3.1 The convex floating body as an afline invariant set mapping. 



Let K e K-n and < (5 < [-^) ■ For u e R" and a e M, iJ = {x e K" : {x, u) = a} is 

the hyperplane orthogonal to u and iJ+ = {x E M" : {x, u) > a} and = {x e M" : 
{x, u) < a} are the two half spaces determined by H. Then the (convex) floating body 
Ks [46] of K is the intersection of all halfspaces H'^ whose defining hyperplanes H cut 
off a set of volume at most 6\K\ from K, 

Ks= n H+. (11) 

{H:\H- nK\<5\K\} 

Clearly, Kq = K and Ks C K for all (5 > 0. The condition 6 < insures that 

g{K) e int(A'^) ^ (see [IS]). Moreover, for all invertible afhne maps T, one has 

{T{K))s=T{Ks). (12) 

To prove that K — >■ Kg is continuous from /C„ to /C„, we need some notation. For 
u G 5""^, we define as^Kiu) to be unique real number such that 

vol„ {{x € K : {x, u) > as,Kiu)}) = S vol„(i^). (13) 

Then 



Ks = Pi {x e K : {x,u) < as,K{u)} ■ 



Lemma 4. Let K G ICn, u G S'""!, <S < and f{t) = \{x G K : {x,u) = t}\. 

Let a G M. satisfy J^°° .f{i)dt = 6 .f{t)dt. Then one has 

/(a)><5^max/(0. 



Proof. By the Brunn-Minkowski theorem (see [2l|43]), /"-^ is concave on {/ > 0}. Put 
M = /(to) = maxtgR/(t). 

We suppose first that m < a. Let g be the affine function on M such that g"-^^{m) ~ 
f{m) and g"'~^{a) = f{a). As /"^ is concave on {/ 7^ 0}, one has g"~^ < / on [m,a] 
and g"~^ > / on {/ 7^ 0} \ [m, a]. Thus there exists c < m and d> a, such that g(c) > 0, 
gid) > 0, 

pd p-\-oo pd r-\-oo 

/ g''-^{t)dt= / f{t)dt and / g''-^{t)dt= / /(t)dt. 

J c ^ —00 J a J a 
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Let gi = gl[c,rf]- Since g is non increasing on [c, d], g" ^(c) > M = f{m). Moreover, by 
construction, g"^^{a) ~ /(a)- We replace now gi with a new function g2 that is afRne 
on its support [c',d'], c' < a < d' , and satisfies g2^^{a) = /(a), 52~^(^') ~ ^-^ 



g2~\t)dt= I f{t)dt and 



+ 00 



gr\t)dt= / ,f{t)dt 



One still has g^^'ia) = /(a) and clearly g^^^c') > g""'(c) > M. Now, an easy 
computation gives 

/(a) = gr'(«) = '5'^, 9r\c') > d"^ M. 

We suppose next that m > a. The same reasoning, with 1 — 5 instead of 6, gives 
/(a) > (1-<5)^M. Since < S < ^, the statement follows. □ 

Proposition 4. Lei < r < i? < 00 anrf let K G /C,i satisfy, rBl^ C A' C RB2 ■ Let 
< S < ^ and 77 > 0. There there exists e > (depending only on r,R,n,S) such that, 
whenever a convex body L satisfies dniK, L) < e, one has for every u € S"~^ 

as,K{u) -r] < as,Liu) < os.kIu) + rj. 



Proof. Let p > 0. With the hypothesis on K, we may choose e > small enough such 
that whenever dniK, L) < e, then (1 - p)K C L C (1 + p)K. Fix u e S""^! and define 

fK{t) = vol„_i {{x e K : {x,u) = t}) and /^(t) = vol„_i {{x e L : {x,u) = t}) . 

Then as^x ■= as.xiu) and as^L ■= 0'5,l{u) satisfy 

/ fK{t)dt = 5\K\ and / fL{t)dt ^ 5\L\. 

Let 6 > 0. For p > small enough one has, 

\Ki^L\<[[i+pr-{i-pr)\K\<e. 

For such a p one has also 



so that 



fK{t)dt 



< 



+ 00 



fK{t)dt 



[a,s,K ,as.L] 

For a > given, let 9 = Then 



1 ({x e A'AL 


: {x, u 


p+00 




/ fL{t)dt 


-I 







r'+oo 



+00 



fK{t)dt - 6\K\ 



< a 6\K\. 
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For some /3 G [—a, a], one has hence that ag j^ = a{i+i3)s.K- Concavity of ^ on 
{/if 7^ 0} imphes that 

> \as,K - as{i+i3),K\ min {fK{as,K), fK{a(i+i3)s,K)) ■ 
If M = maxtgR fK{t), we get by Lemma IH 

mm(^fK{as.K)jK{a(^i+c.)5^ > (^mm{l + /3,1)5^ " > {{l-a)S)^M. 
Since -ftT C RB2, we estimate A/ from above by 

which is an upper bound independent of u. It follows that if a > is small enough, then 
\a5,K - as,L\ < 2 7„ ((1 - a)Sy^ < 77. 

□ 

The next proposition shows that the map K i— > Ks as defined in (jlip . is an affine 
invariant set mapping. 

Proposition 5. For < 5 < the mapping K 1—^ Ks is is an affine invariant set 

mapping from /C„ to /C„ . 

Proof. We take < d < so that mt{Ks) ^ and g{K) £ int(A'5) . It is clear 

that K — > Ks is an affine invariant mapping and it is clear that g{K) G Ks. We now fix 
a body K G /C„ and we verify the continuity of the mapping K — )- Ks at K. We may 
suppose that is the center of mass of K. For some < r < i? < 00, one has 

rB'^' C Ks C A' C RB'^'. 

By the choice of S, as^xiu) > for every u G S'"~^, where as^xiu) is as in ([13]). Let 
r],r/' > satisfy rj' < rjr < rj min^ggn-i as,K(u). We use the notation of the preceding 
proposition to find £ > such that for any L with dniK, L) < e, one has 

as,K{u) - ??' < as,L{u) < as^xiu) + ?/, 

or 

(1 - r])as^K{u) < asx{u) < (1 + ri)as^Kiu), 

whence 

{l~v)Ks <^LsC {l + r^)Ks. 

Since ri?2 ^ Ks C /JBJ , it then follows that, given p > 0, for 77 > small enough, one 
has dH{Ls,Ks) < p. D 

As a corollary, we obtain new affine invariant points. 



[as,K ,a,s,L] 



fK{t)dt 
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Corollary 1. Let < 6 < (j^)" o-nd let p : /C„ — > R" be an affine invariant point. 
Then K — > p{Ks) is also an affine invariant point. In particular, for the centroid g, 
K I—!- g{K \ Ks) is an affine invariant point. 



Proof. Affine invariance follows from Remark (i) after Definition [5] and continuity from 
Proposition [51 The second statement follows now from the trivial identity 

' " Jm^^ ^' — \K\ — ^ 



which gives 

as an affine combination of continuous affine invariant points. □ 



The next lemma is key for many of the proofs that will follow. 



Lemma 5. Let m> n + \ and for 1 < i < m, let Vi ^ R" he the vertices of a polytope 
P in /C„. For all e > there exists z €z P with \\vi — z\\ < e and < r < s such that 
^2 (2, r) <Z P and if K = conv (_B2 r),V2, . ■ ■ ^ Vm), then K satisfies 

(i) K Q P , V2, . ■ . ,Vm are extreme points of K and dH{K,P) < £• 

(a) For sufficiently small S, \\vi — g {K \ Ks) \\ < 2e 



Proof. There exists a hyperplane H that striclty separates vi and {v2, . ■ ■ ,w,„}, such 
that for all x e iJ^ n P we have that ||a; — wi|| < e. Let z g int(i?~) n int(P). Then there 
exists < 7' < £ such that B2{z, r) C n P. Let K = conv (Bj (2:, r),V2, . ■ . , Wm) • 

(i) By construction oi K, V2 ■ . ■ ,Vm are extreme points of K. Also, for all x G -fC n H~ , 
one has ||a; — < £. Therefore K P <Z K + £i?2 and thus dniK, P) < e. 

(ii) We have for S > 0, 

Since g {{K n H-) \ Kg) e int {K) n int (iJ"), one has 

\\vi^g{{Kr\H-)\Ks)\\<e. 
Observe that dK contains a cap of dB{z, r), so that 

I n^d^iK > 0. 

JdK 

By Theorem m one has for 6 sufhciently small, 

\K\Ks\^\K\-\Ks\>^{S\K\)^. (15) 
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Let R = niax{||a;|| : x G P}. As the Gauss curvature is equal to everywhere on the 
boundary d {K D H^), again by Theorem 01 one has for sufficiently small S, 



\KnH+\ 



{KnH+)_ 



< 



As 



we get 



m\)~ 

{K n H+) \ Ks c [K n H+) \{Kr\H- 

Ce 



Ce_ 



\{KnH+)\Ks\ < 



ARCn 



{5\K\V 



It folUows from ([T5]) and that for 6 small enough one has 



\{Kr\H+)\Ks\ 
\K\Ks\ 

We get thus from dH]) and dTT]) 

\\g{K\Ks)-g{{Kr\H-)\Ks) \\ 
\iKnH+)\Ks 



< 



R' 



< 



\K\Ks\ 
\iKnH+)\K5\ 
\K\Ks\ 



\\g {{K n H+) \ Ks) - 9 {{K n H-) \ Ks) \\ 
dig ((A- n H-) \ Ks) \\ + \\g {{K n H+) \ Ks) \\) 



(16) 



(17) 



Altogether, 

\\vi-g (K \ Ks) II < j|«i-.g {{K n H') \ Ks) \\ + \\9 (K \ Ks)-g {{K n H') \ Ks) \\ < 2e. 
□ 



3.2 Proof of Theorem [It is infinite dimensional. 

Here, we answer in the negative Griinbaum's question whether there exists a finite basis 
for i.e. affine invariant points pi G *P„, 1 < i < such that every p G *P„ can be 
written as 

; I 
p = cxiPi, with ai e M and a; = 1. 

8=1 1=1 

Recall that *P„ is an affine subspace of C(/C„,M"), the continuous functions on ICn 
with values in M" and that we denote by V^n the subspace parallel to Thus, with 
the centroid g, 

m = *Pn-5- (18) 

The dimension of *p„ is the dimension of V^n- We introduce a norm on 

IK'IH sup \\v{K)\\, forueF'Pn. (19) 

ife/C„,BJCifCrtBJ 
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Observe that the set {K S ICn ■ i?2 ^ K C nB"!^} is a compact subset of (/C„,(i//). 
Therefore (fTO)) is weU defined and it is a norm: v ~ p ~ g ^ Q imphes that there is C 
with v{C) 7^ 0. By John's theorem (e.g., [?]), there is an affine, invertible map T with 
B'i C T{C) C nB'^. Thus, 

v{T{C)) ^{p- g){T{C)) = p{T{C)) g{T{C)) = T(j>{C)) - T{g{C)). 

Since T ~ S" + xq, where 5 is a hnear map, 

v{T{C)) = S{piC) - g{C)) = S{{p ~ g){C)) ^ 0. 

Hgiicg 

\\v\\>MT{C))\\>Q. 

For the proof of Theorem[T]and Theorem[3l we will make use of the following theorem 
by Schiitt and Werner [46]. There, ^.k is the usual surface measure on dK and for 
X G dK, k{x) is the generalized Gauss curvature at x, which is defined fiK almost 
everywhere. 

2 

Theorem 4. JJSjj Let K be a convex body in R". Then, if Cn = 2 ^ ^^^_|_]^ ^ ^ "^^ , one /ia,s 

\K\ - \Ks\ f , , , ^ 



Proof of Theorem [H We show that the closed unit ball of is not compact. For 
K G ICn and 5 > 0, let Ks be the convex floating body of K. Let g be the centroid and 
let gs : /C„ — > R" be the affine invariant point given by 

gs{K)^g(K\Ks). 

The set of vectors {vs ^ gs — g'- S > 0} is bounded. Indeed, since g{K) E K and 
9s{K) e K ' 

H\\< sup iWgiiqW + \\gs{K)\\) < 2n. 

The sequence vi,j>l, does not have a convergent subsequence: We show that for all 
N there arc £>m>N and K e ICn with B^ C K C uB^ such that 

As K we choose the union of the cylinder D = [—1,1] x i?2 ^^ and a cap of a Euclidean 
ball, 

= D\J C{h), (20) 

where, with ei = (1, 0, . . . , 0) G R", 

^^^^ = ^fe^'^ ^i + ^^^2 ) n {x = (.Ti, . . . , x„) e R" : xi > 1}. 

As /i 0, /^(/i) ^ D and, by Corollary [U gj_{K{h)) gj-{D) = 0. Thus there exists 
/iQ > such that 



g^{K{h))\\ = g Al/i)\(i^(/i))^ 



< — , for all h < hn. 

- 10 - 
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Now wc show that wc can choose i sufficiently big so that 

\\9^{K{h))\\>\. 



(21) 



We apply the same argument as in the proof of Lemma[5] Let H be the hyperplane such 
that 

K{h) nH^ = C{h) and 

Then as in (fTi)l . 



D\K{h). 



Since 
we get 



K{h)\K{h)^ 



g{D\K{h).)eD 



D\K{h), 



K{h)r\H+ = D 
C{h)\K{h) 



g{Cih)\Kih)^ 



\\g{D\K{h)r)\\<V2 
Therefore, by triangle inequality, 



and 
and 



C{h)\K{h), 



K{h)\K{h)i 



K{h)\K{h), 

g{C{h)\K{h)^)^C{h) 
\\g{C{h)\K{h).^\\>l. 

D\K{h). 



-a/2. 



K{h)\Kih), 



(22) 



By TheoremlU we get as in (fT5|) . for £ large enough, with a{h) = JgK(h) '^ii(h)'^^^K(h)^ 



K{h)\K{h), 



> 



dK(h) 



2Crj 



a{h). 



Also by Theorem m we get as in ([T 



D\K{h),^ = {K{h)r^H+)\K{h)^ <-a{h) (^\K{h)\ 
Now we finish the proof as in Lemma [5j □ 



3.3 Proof of Theorem [H 

It was also asked by Griinbaum [T3] if for every K £ /C„, 

*Pn(i^) =5n(A'), 

where dn{K) ^ {x E W : Tx ^ x, for ah affine T with TK = K}. Observe that it is 
clear that VpniK) C ^niK). We wiU prove that ^n^K) = 'SniK), if ^n{K) is (n - 1)- 
dimensional. To do so, we, again, first need to define new affine invariant set mappings. 

Actually, in the proof of Theorem[5]we show that the group of isometrics of K equals 
{/„, S} = {T : M" ^ R" affine one to one, TK = A'}, 



where S is refiection about a hyperplane, i.e. S : R" R" is bijective and there is a 
hyperplane H and a direction ^ ^ H such that S{h + t£^) = h — for all h E H. 
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{x,p{{K - g{K)r)) > (1 - e) sup(y,p((A' - g(/v))°)) 



Lemma 6. (i) Let p G *P„ and let g be the centroid. For < e < 1, define 
Then ^ : /C„ — >■ /C„ is an affine invariant set map. 

(a) Let p G Cp„ anrf /ei q G &e proper. Then Aq,p,^ : ICn — > ICn given by 

A,,p,,{K) = {xe K\{x,p{{K g{K)r)) > {I - e) {q{K),p{{K - g(A'))°)) } 
is an affine invariant set map. 

Observe that € ^„((A' - g{K))°) since is the Santalo point of [K - g{K))° . 
Therefore, ^n{{K - g{K))°) is a subspace of M". 

Proof. Let T be an invertible, affine map and T = 5 + a its decomposition in a hnear 
map S and a translation a. Then for any convex body C that contains in its interior, 

{S{C))° = s*-\c°). 

Moreover, 

p{{T{K)-g{T{KW) = p{{S{K - g{K))r) 

= p{S*-\{K g{K)r)) = S*-\piiK giK)r)). 

Since S*-^* = S-\ 
Ap,,{T{K)) = 

= \ x e T{K 



X e T(K) 



{x,p{{T{K) - g{T{KW)) >{l-e) sup (2/,p((T(if) - g{T{KW)) 

yeT(K) 

{S-'x,p{{K - 5(A'))°)) > (1 - e) sup {S~'y,p{{K - g(A'))°)) 1 

yeT{K) I 



and one verifies easily that Ap^^{T(K}) = T{Ap^^{K)). Please note that Ap^^{K) is 
convex, compact and nonempty. □ 

Lemma 7. Let K e /C„ and let P : M" — )• &e the orthogonal projection onto '^n{{K — 
g{K))°). Then the restriction of P to the subspace 'P„(Ar — g{K)) is an isomorphismn 
between "H^niK - g{K)) and q3„((A" - g{K))°). 

In particular, 

dimCP„(i^ ~ g{K))) = dim(^„((X - g{KW) 



Proof. On the hyperplane *p„((Ar — g{K))°), P{K — g{K)) has an interior point. This 
holds because otherwise, by Fubini, vol„(A') ~ 0. 

Letfc = dim(*p„((i^-g(i^)))°). We choose Ui € ^^^.((/^-^(ir))"). Then 5( A,,,, J is 
a proper affine invariant point. Now we choose U2 S ^n{{K — g{K))°) that is orthogonal 
to P{g{Aui^ei))- Then P{g{Aui,ei)) and P{g{Au2,e2)) are linearly independent. 
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Eventually, 

P(g(A„,,,J),...,P(g(A„„,J) 
are linearly independent, and therefore 

■ • ■ j5(^'Ufc,Efc) 

are linearly independent. Therefore, 

dim{^n{{K - g{K))y) < dimCP„(/^ - g{K))). 

Now we interchange the roles of ^n{K — g{K)) and ^n{{K — g(K))°) and get the inverse 
inequality. 

Let Q denote the restriction of P to the subspace ''Jjin{K—g{K)). g^Au^.d), ■ ■ ■ , g{^uk,ek) 
is a basis of ^ri{K - g{K)) and P{g{Au^^^^)), . . . , P{g{Au^^eJ) is a basis of ^n{{K - 
g{K)))° . Q is a bijection between the two bases, thus Q is an isomorphism. □ 

Lemma 8. Let K S /C„. Then for every point x from the relative interior of K H^niK) 
there is a proper affine invariant point q with q{K) = x. 

Proof. Wc use the same notation as in Lemma [7] and its proof. We may assume that 
g{K) = 0. Suppose that there is an interior point x of *P„(A') n if in the hyperplane 
*P„(A") for which there is no proper affine invariant point q with q{K) ~ x. The set 

{p{K)\p is a proper affine invariant point} 

is convex. P : M" ^ M" is the orthogonal projection onto ^n{K°). Then P(«P„(A') n AT) 
is a convex set in the hyperplane ^n{K°). Since P is an isomorphism between the 
hyperplanes *P„(iir) and we have 

P{x) ^ P{{p{K)\p is a proper affine invariant point}). 

Moreover, P{x) is an interior point of P(*P„(A') n K). By the Hahn-Banach theorem 
there is u € Cp„(A'°) such that for all proper affine invariant points p we have 

{u,x) > {u,P{p{K))). 

On the other hand, there is an affine invariant point q with q{K°) — u. Then go Au^i^u,x) 
is a proper affine invariant point with 

{u,x) < {u,go 

which is a contradiction. □ 

Lemma 9. Let K e /C„ and suppose that dim(*p„(Ar)) = n - 1. Then S" : R" ^ M" 
with 

S{y + x) ^y-x 

for all y € *P„(A' — g{K)) and x G ^„((A' — g{K))°)-^ is a linear map such that 

S{K-g{K))^K-g[K). 
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Proof. By Lemma [71 the orthogonal projection onto ^n{{K — g(K))°) restricted to 
*P„(A' — g{K)) is an isomorphism. Therefore, 

= ^„(/i - g{K)) ® %,{{K - g{K)r)^. 

By Lemma [5] for every y e — g{K)) n int(ii') there is a proper afRne invariant 

point q with y = q{K). Let ui,. . . , u„_i be an orthonormal basis in ^n{{K — g{K))°). 
The map Ag : /C„ — > /C„ defined by 

Tl-l 

A,{K)^ f]{xeK\{q{K),u^)-e< {x,u,) < {q{K),u,)+e} 

is an affine invariant set map. As q{K) is an interior point of Ae{K), Ae{K) e /C„. 
Moreover, 

lim A^A^ ^KC^ {q{K) + ^n{{K - g{K))°)^) 

in the Hausdorff metric, go A^, is a proper affine invariant point. Since all affine invariant 
points are elements of *P„(Ar) 

lim{goA,){K) = q{K). 

e->-0 

On the other hand, q{K) is the midpoint of K n {q{K) + '^,^{{K - g{K))°)^). □ 

Proof of Theorem [2l Theorem [2] now follows immediately from Lemma El Indeed, 
Lemma ini provides a map T = S — S{g{K)) + g{K) with T{K) — K and such that for 
all z G ^n{K) and for all x e - g{K)YY , 

T{z + x) = z ^ X. 

Consequently, if w ^ *p„(is'), then T{w) ^ w, which means that the complement of 
CP„(Ar) is contained in the complement of 'Sn{K). 

Remark. As a byproduct of the preceding results, it can be proved that if K G /C„ 
satisfies *P„(A:) = K" and if 6„(A') = {A{K) : A G ©„}, then 6„(A:) is dense in /C„. It 
might be conjectured that for general K G /C„, ©„(Ar) is dense in {C G /C„ : 5'„(C) C 

3.4 Proof of Theorem [E 

In this subsection we show that the set of all K such that *|5„(A') — R", is dense in /C„ 
and consequently the set of all AT such that *P„(A') = dn{K) is dense in /C„. A further 
corollary is that, for every k G N, < k < n, there exists a convex body Qk such that 
^(Qfc) is a A:-dimensional affine subspace of R". 

It is relatively easy to construct examples of convex bodies K in the plane such 
that Cp„(Ar) = R^. To do so in higher dimensions is more involved and we present a 
construction in the proof of ThcorcmjSlbelow. First, we will briefly mention two examples 
in the plane. 

Example 1. Let 5" be a regular simplex in the plane and let J'(S') be the ellipsoid of 
maximal area inscribed in S. We show in the section below that the center j{S) of J{S) 
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is an afflnc invariant point. We can assume that J{S) = the Euclidean ball centered 
at with radius 1. Then e.g. = conv ((-1, -^3), (-1, a/3), (2, 0)). 

Let < A < 1 be such that H{{\ + A)ei,ei) n int(5') ^ and consider the convex 
body S'l = 5 n H^{{1 + A)ei,ei) obtained from S by cutting of a cap from S. Then 
still i{Si) = but the center of gravity has moved to the left of 0. Next, let 7 > be 

such that H{{1 + 7)m, u) n int(S'i) ^ 0, where u = and consider the convex body 

S2 = Si C\ H^{[1 + 7u),u) obtained from 5*1 by cutting of a cap from ^i. Then still 
j{S2) = but the center of gravity §{82) of 5*2 has moved and it is different from the 
Santalo point 5(5*2) of 82- j{S2), 9(82) and 5(52) are three afRnely independent points 
of R^, hence span R^. 

Example 2. Let S be the equilateral triangle in the plane centered at of Example 1 
with vertices a = (2,0), b = (—1, \/3) and c = ( — 1, — v^). Then, as noted in Example 
1, B| is the John ellipse J^{S) of S. Let 61, ci be two points on the segments [a,b] and 
[a, c], such that the segment [61, ci] does not intersect Then i?| is still the John 
ellipse of the quadrangle conv (6, 61, ci, c). Now the Lowner ellipse C{T) of the triangle 
T = conv (61, 6, c) is centered at ^{bi + b + c) ^ 0, if hi ^ a. C[T) intersects the segment 
[a,c] at c and at some point c'. When 61 a. one has C{T) 2i?| and thus c' — a. 
So we may choose hi such that [61, c'] docs not meet Sf, and thus for some c" g [a,c], 
[5i,ci] does not meet i3| for any ci G [c',c"]. Finally, let P{ci) be the quadrangle 
P{ci) ~ conv (6, &i, ci, c), with ci € [c', c"]. Since bi,b,c and ci are the vertices of P{ci) 
and ci e C{T), C{T) is also the Lowner ellipsoid £(P(ci))of -P(ci). Altogether, 

The John ellipse of P{ci) is i3| which is centered at 0, so that the afhne invariant 
point i{P{ci)) = 0. 

The Lowner ellipse of P{ci) is centered at + + c), so that the affine invariant 
point /((P(ci)) = \{bi +b + c)^0. 

An easy computation shows that the centroid of P(ci) moves on an hyperbola when 
ci varies in [c', c"]. 

So, in general, these three points are not on line. □ 

Proof of Theorem [3l The set of n-dimensional polytopes is dense in (/C„,(i/f). Let 
P be a polytope and let 77 > be given. Then it is enough to show that there exists a 
convex body Q with dniP, Q) < V and such that ^n(Q) = K"- 

We describe the idea of the proof. For a properly constructed convex body Q we will 
construct A, G 1 < i < n + 1, in such a way that the Ai{Q) are afRnely independent. 

The construction of such a Q is done inductively: we first construct Qi very near P 
and such that Ai((5i) is near an extreme point vi of Qi. Then we construct Q2 very 
near Qi and P and such that Ai(Q2) is near the extreme point vi of Q2 and A2{Q2) is 
near an extreme point V2 =/= vi of Q2. 

Let P = conv (vi , . . . , Vm) be a polytope with non-empty interior and with m vertices, 
m > n + 1. We pick n + 1 affinely independent vertices of P. We can assume that these 
are Let < 771 < be given. By Lemma [51 there exists zi S P, 

ll""! — zi\\ < 771, and < ri < r;i such that B2 (■^ij'^i) ^ P and such that 

Qi = conv{B'^{zi,ri),V2,-.-,Vm) 
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has 172, ■ • ■ 7 Vm as extreme points, 

dH{Qi,P)<Vi, (23) 

and for sufficiently small Si, 

\\vi-giQi\{Qi)sJ\\<2^n. (24) 

We lot El < 771 and choose an £i-nct Ve^ on d (Bj (-^i, ^i)) and put 

Pi = COnV {Vei , W2, W3, . . . , Vjn) ■ 

Then Pi C Qi C P and d_ff(Pi, Qi) < ei < By Corollary[Tl for a given K e /C„, for 
a given < (5 < (;;^) and e > 0, there exists j{K, S, e) such that if 

dHiK,L) <^{K,S,e), forPe/C„, then \\giK \ Ks) - g{L\ Ls)\\ < e. (25) 

As dniPi, Qi) < £i, we get that 

MQi\{Qi)s,)-9{Pi\{Pi)s,)\\<m, 

if we choose in addition £i such that £i < 7((3i, r/i). Thus, together with 

|K-i-.g(Pi\(Pi)5j|| <3rn. (26) 

Observe that W2 , . . . , Wm are extreme points of Pi . Now we apply Lemma [S] to Pi . Let 
?/2 < niinjei, 7(Pi, ?7i)}. By Lemma [5] there exists Z2 G Pi, \\v2 — Z2\\ < ?72; and 
< 7'2 < 772 such that Pj (-^2, '^2) C Pi and such that 

Q2 = COnv(Pei,P2 (^2,?'2),f3, ■ • • ) ^'m) 

has z;3, . . . , as extreme points, 

dH{.Q2,Pi)<m. (27) 

and for sufficiently small 82, 

\\v2-g{Q2\{Q2)s,)\\<2in. (28) 

As \\vi — zi\\ < 771 and \\v2 — 22II < '72, we have that dH{Q2,P) < '7i- Moreover, as 
dH{Q2, Pi) < 772 < 7(Pi, (5i, 771), we get by d^S]) with £ = 771 and by ^ that 

\\vi - 9{Q2 \ {Q2)sJ\\ <\\vi- g{Pi \ (Pi)5j|| + ||5(Pi \ (Pi)5j - 9{Q2 \ {Q2)s,)\\ < 4771. 
Now we let £2 < niin{772, j{Q2, <5i, 771)}, choose an £2-net on d (52(^2, ''2)) and put 

P2 = COnv {Vei ,Ve2,V3,---,V7n)- 

Then P2 Q Q2 Q P arid dH{P2,Q2) < £2- By (P5|). with e = 772, and if we choose in 
addition £2 < ■>j{Q2,S2,m)i we get 

MQ2\iQ2)s.)-9iP2\{P2)s.)\\<m 

and thus, together with 

||t'2-5(P2\(P2)&)|| < 3 772. (29) 
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Please note that U3 , . . . , Vm are extreme points of P2 ■ Now we apply Lemma [S] to P2 ■ 
Let 773 < min{£2, 7(-P2, ^2, ''y2)}- By Lemma [5] there exists Z3 G P2, ||u3 — z^W < 773, and 
< r3 < 773 such that iJj (-Z3,r3) C P2 and such that 

Q3 = COnv(7'ei,^ei,52 (23,''3),?^4,- ■ ■,Vm) 

has 114, . . . , as extreme points, 

dH{Q3,P2)<m, (30) 

and for sufficiently small ^3, 

IK'3-.9(Q3\(Q3k)ll <2%. (3f) 

As \\vi - zill < 771, \\v2 - Z2\\ < ri2 and ||i;3 - Z3II < 773 we have that (Ih^QstP) < Vi- 
Moreover, as dHiQs, P2) < % < 7(^2, ^2, 772), we get by (^5)) with e = r]2 and ([^ that 

1^2 - g{Q3 \ (Q3)5j|| < \\V2 - g{P2 \ {P2)5,)\\+\\9iP2 \ (^2)^,) - giQs \ (Q3k)|| < 47,2. 

As dH{Q2,Qz) < £2 < l{Q2,5iT'qi), it follows from (^5]) with e = 771 that 

||5(Q2\(Q2)5j-5(g3\(Q3)5j|| <^l. 

By (PU)) . it also follows from ([25]) with e = 771 that 

\\9{Pi\{Pi)s,) - 9{Q2\{Q2)6M <m- 

This, together with ([26l) gives 

- 5(Q3 \ (Q3)*JII < IK'i - 9{Pi \ {Pi)sM + MPi \ iPi)sJ - 9{Q2 \ {Q2)sM 
+ \\9{Q2\{Q2)s,) - 9{Q3\{Q3)s,)\\ 
< 5771. 

We continue to obtain Q = Qn+i and affine invariant points A; = g{Q \ Qs-), 1 < i < 
71 + 1, such that for all i, 

A,(g)|| < (77 + 2)7^ < V- 

As for 1 < 7 < 71 + 1, the Vi are affinely independant, so are the A^. 

It remains to show that 0„ = {K £ /C„ : ^n{K) = R"} is open in (/C„, d^f)- Observe 
that K G On if and only if for some pi . . . ,Pn+i € (depending on K), 

vo\n{conv{pi{K) . . . ,pn+i{K)) > 0. 

Since L — > vol(conv(73i(i) . . . ,p„_|_i(L)) is continuous on /C„, it follows that 0„ is open. 
□ 

Corollary 2. For every k € N, < k < n, there exists a convex body Qk such that 
'^{Qk) is a k- dimensional affine subspace o/R". 

Proof. For fc = 0, we take a centrally symmetric body. For fc = n, we take the body 
Q of Theorem [21 For l<fc<7i — 1, we take the intermediate bodies Qk constructed in 
the proof of Theorem [31 □ 
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